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This thesis investigates an optimal control problem for continuous-time dynamical 
systems with the L0 control cost. This cost functional penalizes the length of the 
support of control variables. Then, the optimization based on the criteria tends to 
make the control input identically zero on a set with positive measures. Such an 
optimal control is called L0 optimal control or sparse optimal control. As a 
characteristic of this thesis, the sparsity of continuous-time signals in a functional 
space is considered. In other words, the main problem is mathematically defined on 
an infinite-dimensional space, as opposed to a large body of literature in the field of 
sparse modeling. This thesis consists of 6 chapters.  
 
Chapter 1 firstly gives an introduction on the sparse optimization problem. 
Motivations and previous studies are mentioned. After that, the main contribution 
and the overview of this thesis is described. 
 
Chapter 2 investigates the L0 optimal control that steers the state from a point to a 
point over a finite horizon for continuous-time linear systems. As a characterization 
of the optimal control, a relationship theorem among the Lp optimal control 
problems with p∈[0,1] is obtained. This main result claims that the L0 optimal 
control is equivalent to the Lp optimal control with any p∈(0,1) and is also 
equivalent to the L1 optimal control under a certain unflatness assumption on the 
impulse response of the system of interest. In general, the set of all L0 optimal 
controls is a subset of the set of all L1 optimal controls. The obtained theorem is 
derived based on an insight from existing literature for finite-dimensional systems. 
Therefore, the theorem naturally extends the existing results to general linear 
systems including infinite-dimensional systems. In addition to the characterization, 
two numerical algorithms for the sparse optimization problem are provided, which is 
based on the alternating direction method of multipliers and the successive 
linearization.  
 
In Chapter 3 and Chapter 4, the sparse optimization problem is applied to the 
control of multi-agent systems. Chapter 3 investigates a novel optimal control 
problem that aims to maximize a quantitative metric of the controllability when 
control inputs are constrained in terms of the L0 norm. For the metric of the 
controllability, the trace of the controllability Gramian is adopted. This quantity is 
closely related to the average energy required to steer the system in all directions 
in the state space. The control inputs are thus penalized by not only the L0 cost but 
also the L2 cost. This optimization framework is compatible with control node 
selection problem and newly characterizes time-varying control nodes that achieve 
high controllability when the L0 cost of the exogenous control input is constrained.  
  
 
Chapter 4 discusses a consensus problem and proposes a distributed control 
algorithm based on the sparse optimal control and the sampled-data state 
observation for continuous-time multi-agent systems. To put it briefly, the proposed 
control tracks a consensus control for an associated discrete-time multi-agent 
system while minimizing the L0 cost of control inputs. Over each sampling interval, 
each agent is steered to a point that is indicated by the associated discrete-time 
system. This chapter rigorously shows the feasibility of the proposed algorithm and 
a condition of the consensus in the continuous-time domain. 
 
Chapter 5 investigates a sparse optimal control for non-linear systems. Compared 
to the previous chapters, this chapter characterizes the sparse optimal control in a 
feedback framework. The approach is based on the dynamic programming 
approach, and the optimal control is analyzed via the value function. Since, in 
general, the value function is not differentiable in the domain because of the non-
smoothness of the L0 cost functional, this chapter characterizes the value function 
as a viscosity solution to the associated Hamilton-Jacobi-Bellman equation. Based 
on the result, a sufficient and necessary condition for the L0 optimality is derived, 
which immediately gives the optimal feedback map. In addition, the relationship 
with the associated L1 optimal control problem is considered, and an equivalence 
theorem is shown in view of the value function. 
 
Chapter 6 finally offers concluding remarks. The contributions and their limitations 



















































  更に、試問の結果の要旨（例えば「平成 年 月 日論文内容とそれに関連した 
  口頭試問を行った結果合格と認めた。」）を付け加えること。 
 
Webでの即日公開を希望しない場合は、以下に公開可能とする日付を記入すること。 
要旨公開可能日：     年   月   日以降 
